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ABSTRACT 
For a tournament matrix M of order n, we define its walk space WM to be 
Span(Mj1 :j = 0;. . , n - 1) 
where 1 is the all ones vector. We show that the dimension of WM equals the number 
of eigenvalues of M whose real parts are greater than -l/2. We then focus on tour- 
nament matrices whose walk space has particularly simple structure, and characterize 
them in terms of their spectra. Specifically, we characterize those tournament matri- 
ces such that Mjl is an eigenvector of M for some j > 0. We also characterize the 
tournament matrices M such that Jn - 2M is a skew-Hadamard matrix. Throughout, 
we illustrate our results with examples. 
1. INTRODUCTION 
A tournament of order n is a (loopless) digraph T with vertices 1, 2, . . . , n 
such that exactly one of (i,j) and (j, i) is an arc of T (1 < i < j < n). A 
*This paper was written while both authors where postdoctoral members of the Institute 
for Mathematics and its Applications at the University of Minnesota. 
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tournament matrix of order n is a (0,l) matrix M = [mlj] of order n such that 
M+MT =I,, -I,, (1) 
where In is the all ones matrix of order n and I, is the identity matrix of order 
n. Thus, a tournament matrix M is simply the adjacency matrix of a touma- 
ment T. There is an extensive literature on tournaments (see the bibliogra- 
phies in [l] and [lo]) d g an a rowing literature on eigenvalues of tournament 
matrices (see for example, [4-g]). 
A square matrix A is reducible provided there exists a permutation matrix 
P such that PAPT has the form 
where Al and A2 are square (nonvacuous) matrices. The matrix A is irreducible 
provided it is not reducible. Equivalently, A is irreducible if and only if the 
digraph associated with A is strongly connected. Since many properties of 
reducible matrices can be studied in terms of irreducible matrices, we will 
focus our attention on irreducible tournament matrices. 
We denote the complex vector space of n by 1 column vectors by (e”, 
and the all ones vector by 
corresponding tournament 
M. Clearly 
1. Let M be a tournament matrix of order n with 
T. The vector s = Ml is called the score vector of 
lTs= ; ) 0 
and the ith entry of s is the outdegree of vertex i in the tournament T. More 
generally, for any integer k 2 2 the ith entry of Mkl equals the number of 
walks in T of length k which start at vertex i. We will call the subspace of %” 
spanned by the vectors 
{Mjl :j = 0, 1, . . . , n - 1) 
the walk space of M, and denote it by WM. The walk polynomial of M is 
the unique manic polynomial p(h) of smallest degree such that p(M)1 = 0. 
Since W, is invariant under multiplication by M, it easy to see that p(h) is 
the minimum polynomial of the linear transformation obtained by restricting 
M to W,. 
In Section 2 we investigate basic properties of the walk space and the walk 
polynomial of tournament matrices. It is known [2] that if a! is an eigenvalue 
of a tournament matrix M of order n, then 
1 n-l 
--,<Rea,<----. 
2 2 
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Our first theorem asserts that the dimension of the walk space of M and the 
degree of the walk polynomial of M both equal the number of eigenvalues of 
M with real part not equal to -l/2. In addition, we show that the orthogonal 
complement of W M in %” is the space spanned by the eigenvectors of M 
corresponding to the eigenvalues whose real parts equal -l/2. 
In Section 3 we consider matrices whose walk space has special properties. 
The tournament ‘i” is regular of degree t provided the outdegree of each of 
its vertices is t. The tournament matrix M is a regular tournament matrix 
provided T is regular. If T is a regular tournament of degree t, then n = 2t + 1 
and the score vector of M equals tl. Clearly, W, has dimension 1 if and only 
if M is a regular tournament matrix. A consequence of the results in Section 2 
is that the walk space of M has dimension 2 if and only if there exist constants 
c and d such that M21 = cs +dl, that is, if and only if the number of walks of 
length two starting at any given vertex can be determined by the outdegree of 
that vertex. Another consequence is that if W, has dimension 2, then M has 
exactly two eigenvalues whose real parts exceed -l/2. Tournament matrices 
with exactly two eigenvalues with real part larger than -l/2 arise as the class 
of tournament matrices for which equality holds in a certain bound on the 
spectral radius [S]. We use properties of the walk space to answer a question 
raised in [8]. A special type of tournament matrix whose walk space has an 
interesting structure is one for which there exists an integer k such that the 
number of walks of length k starting at any given vertex is a constant multiple 
of the number of walks of length k - 1 starting at that vertex. Theorem 3 shows 
that such tournament matrices can be completely characterized in terms of 
their spectra. 
The tournament T is doubly regular of degree t provided any two vertices 
of T jointly dominate precisely t vertices. It is easy to see that if T is doubly 
regular, then T is regular with degree 2t + 1. Thus, T is doubly regular of 
degree t if and only if M satisfies MMr = tJn + (t + l)Z, where n = 4t + 3. In 
[ll] the existence of a doubly regular tournament with degree t is shown to 
be equivalent to the existence of a skew-Hadamard matrix of order 4t+4 [that 
is, a (1, -1) matrix Q of order 4t + 4 such that Q - I, is a skew-symmetric 
matrix and QrQ = (4t + 4)Zdt+4]. In Theorem 4 we show that if M is an 
irreducible singular tournament matrix of order n > 4 with 0 as a simple 
eigenvalue, then M has at least four distinct eigenvalues with equality if and 
only if J,, - 2M is a skew-Hadamard matrix. 
2. THE WALK SPACE AND THE WALK POLYNOMIAL 
We begin by proving a few basic properties of eigenvalues of tournament 
matrices. Assertions (i), (ii), (iii), and (iv) in Lemma 1 below have been proven 
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in [2], [2], [9], and [4], respectively. However, because of their simplicity, we 
give complete proofs of these assertions. 
LEMMA 1. Let M be a tournament matrix of order n, and let z be an 
eigenvector of M with corresponding eigenvalue (Y. Then: 
(i) Re (Y 3 -l/2, with equality if and only if z*l = 0. 
(ii) Re cx < (n - 1)/2, with equality only if M is a regular tournament 
matrix. 
(iii) If Re (2 # -l/2, then a! has geometric multiplicity 1. 
(iv) Zf Re (Y = -l/2, then the geometric and algebraic multiplicities of u 
coincide. 
(v) Zf Re a! = -l/2, then z*v = 0 for every vector v E WM. 
Proof By pre- and postmultiplying (1) by Z* and Z, respectively, we see 
that 
(2 Re (II + l)z*z = 1.z*1j2. (2) 
Assertion (i) is now an immediate consequence of (2), and assertion (ii) follows 
from (2) and the Cauchy-Schwartz inequality 
Consider eigenvectors x and y corresponding to the eigenvalue cx. Then 
applying (2) to the vector z = (x*l)y - (y*l)x, we see that either z = 0 or 
Re a = -l/2. Thus if Re a! # -l/2, then x and y are multiples of each 
other, and hence it follows that (iii) holds. 
To prove (iv) assume that Re a = -l/2, and suppose to the contrary that 
the geometric multiplicity of (11 is less than its algebraic multiplicity. Then 
there exist nonzero vectors v and w such that 
Mw = aw, Mv=av+w, and w*v=O. 
Pre- and postmultiplying (1) by w* and v, respectively, and then simplifying, 
we obtain 
a(w*v) + w*w + (.%w*v = (w*l)(l%) - w*v. 
Since w*v = 0 and since (i) implies that w*l = 0, we have w*w = 0, a 
contradiction. Therefore, (iv) holds. 
To prove (v) we assume that Re a! = -l/2. We show by induction on k 
that z*Mkl = 0 for k = 0, . . . , n - 1. We have already seen that z*l = 0. 
Suppose k > 1 and z*Mk-'l = 0. Then 
.z*Mkl = z*& -I, - MT)Mk-ll 
= z*llTMk-ll _ Z*Mk-ll _ cz*Mk-ll, 
Hence z*Mkl = 0, and it follows that (v) holds. a 
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THEOREM 2. Let M be a tournament matrix of order n, and let 1 be the 
number of eigenvalues, counting multiplicity, of M with real part equal to 
-l/2. Then 
(i) 
(ii) 
n=dimWM+l, 
the orthogonal complement of WM is the space spanned by the eigen- 
vectors of M corresponding to eigenvalues with real part equal to -l/2, 
and 
(iii) the walk polynomial of M is 
where the product is over all eigenvalues pj of M with Re fij # -I/2, 
and where kj is the algebraic multiplicity of pj. 
Proof. Let or, a2. . . . , 01, be the distinct eigenvalues of M with real part 
equal to -I/2, and let /Ii, /?2, . . . , /?d be the distinct eigenvalues of M with 
with real part not equal to -l/2. Also, let kl, k2, . . . , kd be the algebraic 
multiplicities of the eigenvalues PI, /Is, . . . , fid, respectively. It follows from 
(iii) and (iv) of Lemma 1 that the minimum polynomial of M on (e” is 
m(k) = (h - a!l)(i - (~2) . + . (A - a,)(h - /?$(h - &+ . . . (A - &+d. 
For each integer j with 1 < j 6 d, let 
m(k) 
rj(k) = -. 
A. - Sj 
Then rj(M) # 0, and the rows of r(M) are either zero vectors or left eigen- 
vectors of M corresponding to the eigenvalue pj. By (i) of Lemma 1 (applied 
to MT) we have r(M)1 # 0, and hence r-i(M)1 is a right eigenvector of M 
corresponding to the eigenvalue Bj. It now follows from (iii) of Lemma 1 that 
{(M - pjl,)mqj(M)l : 0 < m < kj - 1) 
is a basis for the generalized eigenspace Ebj of M corresponding to Bj, where 
qj(a) = m(h) 
(h - Bj)$ ’ 
Therefore, 
d 
j$l EPj C wM. 
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Since %” is the direct sum of the generalized eigenspaces of M, and since the 
algebraic and geometric multiplicities of the eigenvalues with real part equal 
to -l/2 coincide, the dimension of @&Ep, equals n - 1. It follows from (iv) 
and (v) of Lemma 1 that dim W, < n - 1. Therefore 
&E,,. =w,, 
j=l 
and (i) and (ii) hold. Clearly, the minimum polynomial of M restricted to W, 
is 
(IL - Bi)k’(k - /Q” . . . (h - /f?&“, 
and hence (iii) holds. n 
Since the characteristic equation of any tournament matrix has integer 
coefficients, it follows that -I/2 is not an eigenvalue of a tournament matrix. 
Further, a tournament matrix has real entries, so its nonreal eigenvalues oc- 
cur in complex conjugate pairs. As a result, the number of eigenvalues of a 
tournament matrix M having real part equal to -l/2 is even. In particular, 
Theorem 2 implies that dim W, and n have the same parity. 
We now describe an iterative method for finding the walk polynomial 
of a tournament matrix, whose validity follows from Theorem 2.5 and the 
discussion in Section 3 of [5]. Let M be a tournament matrix of order n with 
score vector s, and suppose that the dimension of W.u is k. Let A be the 
skew-symmetric matrix i(M - MT) = M - iJn + iIn. It is not difficult to see 
that W, is spanned by the vectors 1, Al, A'l, . . . , Akell. We construct an 
orthonormal basis el, e2, . . , ek of WA{ by defining {e’, e2, . . . , ek} to be the 
orthonormal set of vectors obtained by applying the Gram-Schmidt process 
to the vectors 1, Al, A'l, . . . , Akell. Using the skew-symmetry of A, it is 
easy to verify that 
(i) e1 = (l/fi)l, 
(ii) if k > 2 then 
e 2 
and 
(iii) if k > 3 then 
ej = 
Aej-l _ [(&2)TAej]&2 
IIAej-l - [(&2)TAej]ej-211 
0' = 3,..., k). (3) 
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Let 011 = IIAe’II and aj = l/Ad + aj_l&’ 11 forj = 2, . . . , k - 1. Simple 
calculations show that 
and that oj = -(ej-l)TAej+l forj = 2,. . . , k - 1. Moreover, with respect to 
the basis el, . . . , ek, the linear transformation corresponding to M restricted 
to W, is given by tridiagonal matrix 
0 0 ... 0 
0 0 ... -(Y&2 -; 
0 0 ... 0 
The characteristic polynomial of 2 + (1/2)Zn can be computed recursively 
by setting 90(h) = 1, 91(h) = h - n/2, and 9j+1 = k9jA + $9j_l(h) for 
j = 2, . . . k, and the walk polynomial of M equals 9k(h + l/2). 
In applying the above method, it was not necessary to assume that the 
the dimension of W, was known beforehand. Using the fact that the vectors 
el,... , ek constructed above are an orthonormal basis of W,, it is not difficult 
to show that 
0 = Aek - (ek-lAek)ek-‘, 
and hence k + 1 is the first positive integerj for which the numerator of the 
quantity on the right hand side of (3) is the zero vector. 
To illustrate this method for calculating the walk polynomial, consider 0 0 0 0 1 1  1 0 0 
M= 
[ 1 10010. 1 1 0 0 0 0 1 1 1 0 
Then s = (1,2,2,2,3)r. According to the above algorithm, 
e1 = (l/&)(1, 1, 1, 1, l)T 
and 
e2 = (l/&)(-l, 0, O,O, l)T. 
8 
Since 
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A~~[_~~~p], 
we have Ae’ = (1/(2fi)) (1, -2, -2, -2, l)T, and hence 
(e1)TAe2 = -L. 
m 
It follows that e3 = (l/,/%)(3, -2, -2, -2, 3)T. Further, 
(9,0,0,0, -9)T, 
from which we find that 
Ae3 - (e2Ae3)e2 = 0, 
and hence W, has dimension 3. Now (~1 = A/&, and CQ = (e3)TAe2 = 
9/J@. Also, we see that 40(k) = 1, 41(h) = A. - 512, and 
Finally, a few simplifications yield that the walk polynomial of M is 
qs(h + l/2) = A3 - h2 - 3. 
Note that the eigenvalues of M are (approximately) 1.8637, -0.4319fl.l930i, 
and -(l/2) f (a/2)’ 2, and that, as expected, the first three of these are the 
roots of h3 - h2 - 3. 
Theorem 2 helps to answer a question posed in [8]. In that paper, it is 
shown that if sTs < [n3 +4n(n - 1)2]/16, then A has a real positive eigenvalue 
p such that 
> n - 2 + n2 + 4(n - 1)2 - 16srs/n 
P/ 
4 
(4) 
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and each of its remaining eigenvalues a! satisfies 
Re a! < 
0 - 2 - n2 + 4(n - 1)2 - 16sTs/n 
4 
(5) 
In addition, M has an eigenvalue p and another eigenvalue 01 for which equal- 
ity holds in (4) and (5) if and only if M has at least n - 2 eigenvalues with 
real part equal to -I/2, that is, if and only if dim W, < 2. The question asks 
whether or not there exist tournament matrices for which equality holds in 
exactly one of (4) and (5). The following argument shows that there do not 
exist such tournament matrices. 
Assume that M is a tournament matrix of order n, and that /I is an eigen- 
value of M with corresponding eigenvector z, for which equality holds in either 
(4) or (5). Let s be the score vector of M, and assume that sTs > n(n - 1)‘/4 
(otherwise, M is regular, and the result follows easily). Let 
v=z- 
From (l), we find that 
ST2 = (n - 1 - ,8)lTz. (6) 
Using (2) and (6), a number of algebraic manipulations yield 
v*v = 
z*z(q - Re fi) 
2(Re 
jQ2 
(n 2) Re 
,B 
n(n - 1) 2sTs 
- - - 
STs n(n-1)’ 2 
+ 
4 
12 I 
2*2(2 Re @ + l)(Im fi)2 - 
STs n(n-1)’ 
4 
(7) 
Since equality holds in either (4) or (5), the first term in (7) is zero, and it 
follows that B must be a real eigenvalue. Thus v = 0, and since z is a linear 
combination of 1 and s, the dimension of W, equals 2. Hence, by Theorem 
2, M has n - 2 eigenvalues with real part equal to -l/2. Consequently, from 
Theorem 2 of [8], M must have real eigenvalues p and a! (one of which is B) 
such that p yields equality in (S), and cx yields equality in (4). 
10 STEPHEN J. KIRKLAND AND BRYAN L. SHADER 
3. EXTREMAL TOURNAMENTS 
In this section we study tournament matrices whose walk spaces have simple 
structure. We begin by discussing how tournament matrices with walk space 
of dimension 2 arise in the study of the relationship between the score vector 
and the Perron vector of tournament matrices. 
Let M be an irreducible tournament matrix of order n with spectral radius 
p and score vector s. It is known [13] that if M is singular, then sTs > 
n2(n - 1)/4 and p < (n - 2)/2. In addition, if sTs = n2(n - 1)/4, then M 
is singular if and only if MS = [(n - 2)/2]s. Thus, the singular tournament 
matrices whose score vector has smallest possible length each have a walk 
space of dimension 2, and for such tournament matrices the score vector is 
an eigenvector. Motivated by this relationship between singular tournament 
matrices and tournament matrices whose score vector is a Perron vector, 
we consider tournament matrices M for which the Perron vector is of the 
form Mkl. The following theorem shows that such tournament matrices are 
completely characterized by their spectra. 
THEOREM 3. Let M be a tournament matrix of order n > 2, and suppose 
that k > 1. Then the following are equivalent: 
;;; 
(iii) 
(iv) 
Mkl is an eigenvector of M, but MkW1 1 is not. 
There is a constant p such that Mkl - pMk-‘l is a nonzero vector in 
the nullspace of M. 
The eigenvalues of M are (n - 1 -k)/2, 0 with multiplicity k, and n-k - 1 
eigenvalues with real part equal to --I/2. 
The walk polynomial of M is p(h) = hk[h - (n -k - 1)/2]. 
Proof First assume (i). Then M k+l 1 = pMkl for some number p. This 
implies that M(Mkl - ,oMk-‘l) = 0. Since Mk-‘1 is not an eigenvector of M, 
Mk 1 - oMkP1 1 is nonzero, and thus (i) implies (ii). 
Now assume (ii). Then the walk polynomial p(A) of M divides hk+’ -phk = 
hk(h - p). Hence by Theorem 2, B is an eigenvalue of M with Re ,8 # -l/2 
only if /3 = 0 or #I = p. Since Mkl - pMkP1 1 # 0, we conclude that 0 
is an eigenvalue of M with algebraic multiplicity k, and since Mkl # 0, we 
conclude that ,CJ is an eigenvalue of M with algebraic multiplicity 1. Because 
M is a real matrix, the assumptions imply that p is real. That (iii) holds is now 
a consequence of the facts that the real part of each eigenvalue of M is at 
least -l/2 and that the trace of M, which is 0, is the sum of the eigenvalues 
ofM. 
That ( ) pl’ ( 1 iii im ies iv is an immediate consequence of Theorem 1. 
Finally, assume (iv) holds. Then 
n-k-l 
Mk-’ 1 - 0 
2 
- , 
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and Mkl is an eigenvector of M. Suppose that MkP1l were an eigenvector 
of M. Then by what we have already shown, M would have an eigenvalue of 
the form (n - 1 - Z)/2 for some I < k. Since such an eigenvalue is not a 
root of the walk polynomial, we have obtained a contradiction. Hence (iv) 
implies (i) n 
It is not difficult to construct examples of tournament matrices of the 
type characterized in Theorem 3. Assume that n and k are positive integers 
of opposite parity, and let R be a regular tournament matrix of order n - k. 
Let S be the tournament matrix of order k having O’s on and above the main 
diagonal and l’s below the main diagonal, and let Jn_k,k be the n - k by k 
matrix of all 1’s. Then 
is a tournament matrix of order n such that (n-k - I)/2 is a simple eigenvalue, 
0 is an eigenvalue of multiplicity k, and the remaining n - k - 1 eigenvalues 
each have real part equal to -l/2. Thus M is of the type described in Theorem 
3. However, M is a reducible matrix, and it would be more interesting to 
construct examples which were irreducible. While we are unable to construct 
such examples for general values of k, we now discuss a class of irreducible 
examples for the case k = 1. 
Let p and q be nonnegative integers with q # 0, such that p + 1 divides 
y(q + 1). Let a = 2~ + 1 and b = 29 + 1, and let m = (ab” + l)/(a + 1). Then 
m is an odd integer. Let RI be a regular tournament matrix of order m, let Rz 
be a regular tournament matrix of order am, and let B1, Bz, . . . , B,, be (0,l) 
matrices of order m each of whose row and column sums equals (m - b)/2. 
(Note that m > b, since q # 0, and that m - b is even, since both m and b 
are odd.) The matrix 
is a tournament matrix of order (a + l)m, and since both RI and R2 are 
irreducible and B1 is neither 0 nor Jm, it follows that M is irreducible. It is 
easy to see that the first m rows of M each contain ub(b - 1)/2 ones, and the 
remaining rows each contain exactly b(ub + I)/2 ones. Further, one verifies 
that 
M21 = 
ub2 - 1 
-Ml. 
2 
Thus 1 is not an eigenvector of M, but Ml is. It follows from Theorem 3 that 
(ub’ - 1)/2 and 0 are eigenvalues of M of algebraic multiplicitly 1, and that 
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the remaining (a + 1)m - 2 eigenvalues each have real part equal to -I/2. 
We note that the construction for the special case p = 0 (and hence a = I) 
appears in [9] and [ 131. 
We conclude this section by considering tournament matrices with few 
distinct eigenvalues. As mentioned in the introduction, it is shown in [4] that 
every tournament matrix of order n > 3 has at least three distinct eigenvalues, 
and there is a correspondence between skew-Hadamard matrices of order n 
and tournament matrices of order n + 1 with exactly three distinct eigenvalues. 
The following theorem shows that there is also a correspondence between 
skew-Hadamard matrices of order n and tournament matrices of order n 
which have 0 as a simple eigenvalue and have exactly three other distinct 
eigenvalues. 
THEOREM 4. Let M be an irreducible tournament matrix of order n 2 2 
such that 0 is an eigenvalue with algebraic multiplicity 1. Then M has at least 
four distinct eigenvalues, and M has exactly four distinct eigenvalues if and 
only if J,, - 2M is a skew-Hadamard matrix. 
Proof. Because M is a tournament matrix, each of the main diagonal 
entries of M2 is 0. Since the trace of M2 is the sum of the squares of the 
eigenvalues of M and since the spectral radius p > 0 of M is an eigenvalue 
of M, it follows that M has at least one nonreal eigenvalue CL. Because M is a 
real matrix, ii is also an eigenvalue of M. Hence M has at least four distinct 
eigenvalues. 
Now assume that M has exactly four distinct eigenvalues, say, 0, p = a+bi, 
j’i, and p. Since p is not real, we may assume that b > 0. Then p and fi both 
have algebraic multiplicity (n - 2)/2. In particular, n is even. The trace of M 
equals zero and is the sum of the eigenvalues of M, and thus 
0 = p + (n - 2)~. (8) 
Similarly, since the trace of M2 equals zero, we have 
0 = p2 + (n - 2)(a2 - b2). 
These equations imply that 
a=-L 
n-2 
and b=Pz. (9) 
Since M is a (0, 1) matrix, the minimum polynomial m(k) of M has integer 
coefficients and has the form 
m(A) = A@ - p)(h - /#(k - /!-Ly 
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for some integer k. Since an irreducible polynomial over the rational numbers 
has distinct roots, the minimum polynomial of p over the ratio& is either 
(A - p) or (h - p)(h - h)(;\ - b). It follows that p is rational [in the latter case 
we see that the coefficient of A2 is p - 2~ = p(n - 4)/(n - 2), and hence that 
p is rational]. Since M is a (0, 1) matrix, its eigenvalues are algebraic integers, 
and we conclude that p is an integer. Since /_L is an algebraic integer, so is 
2a = I_L +j& and it follows from (9) that (n - 2)/2 divides p. Since a > -l/2, 
(8) now implies that p = (n - 2)/2, a = -l/2, and b = m/2. 
Let B = J,, - 2M. Then clearly, B is a (1, -1) matrix, and B - Z, is 
a skew-symmetric matrix. By Theorem 2, (en is the direct sum of the M- 
invariant subspaces W, and WI, where Wr is the space spanned by the 
eigenvectors of M corresponding to p and ,!i. It follows from (i) of Lemma 1 
that Wr is invariant under multiplication by B, and that the eigenvalues of 
B on Wr are -2~ and -2,ii. It follows from (1) and (i) of Lemma 1 that if 
x is an eigenvector of M corresponding to ZL (respectively ,G), then x is an 
eigvenvector of MT corresponding to the eigenvalue fi (respectively CL). This 
implies that there is a basis of Wr which consists of common eigenvectors 
of BT and B. We conclude that the action of BTB of WI is multiplication by 
41]@l12 = n. Clearly, W M is invariant under multiplication by B, and under 
multiplication by B T = 2M + I, - Jn. It follows from (i) of Theorem 2 that 
the walk space of M has dimension 2 and is spanned by 1 and s. Further, 
by Theorem 3, we have MS = [(n - 2)/2] s. Consequently, on the invariant 
subspace WM, B acts as follows: 
Bl=nl-2s and Bs= 
n(n - 1) 
- 1 - (n - 2)s. 
2 
Since BT = 2M -J,, + 2Z,, we have 
BTl=-(n-2)1+& and BTs=- 
n(n - 1) 
-----1+n.s. 
2 
A simple computation now shows that the action of BTB on W, is multipli- 
cation by n. Therefore, BTB = nl,, and Jn - 2M is a skew-Hadamard matrix. 
Now suppose that B = Jtl - 2M is a skew-Hadamard matrix. Then 
nZ, = BBT 
= nln - 2lMJn - 2JnMT + 4MMT. (10) 
Since M is a tournament matrix, MMT = M],, - M - M2. Substituting this 
identity into (10) and simplifying, we obtain 
4M2 + 4M + nZ = n],, + 2M],, - 2J,,MT 
= n(llT)+2(slT)- 2(lsT). (11) 
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Postmultiplying both sides of (11) by 1, we have 
4Ms+4s+nl=n21+(2n)s-n(n-l)l, 
and hence MS = [(n - 2)/2]s. In particular, this implies that M is singular. 
Postmultiplying (11) by M and MS = [(n - 2)/2ls, we have 
M(4M2 + 4M + nl,) = 2(n - l)slT - 2ssr. 
Similarly, 
M2(4M2 + 4M + nl,,) = 9[2(r, - l)slT - 2&r]. 
It follows that 
M(M-q Z,)(4M2 +4M +nZ,) = 0, 
and hence that M has at most four distinct eigenvalues. Since a singular 
tournament matrix of order at n > 4 has at least four distinct eigenvalues, M 
has exactly four distinct eigenvalues. n 
We can construct examples of tournament matrices of the type described 
in Theorem 4 as follows. Suppose H is a Hadamard tournament matrix of 
order n - 1 and n > 8, and let 
It can be verified directly that Jn - 2M is a skew-Hadamard matrix, so that 
(MT -M+Z,)(M -MT +I,) = nl,. 
Note that M is a reducible tournament matrix. 
To construct an irreducible tournament matrix with the desired properties, 
fix 2 < i < n, and let Mi be the matrix obtained from M by “switching” its 
ith row and column, that is, Mi is the same as M except the ith row of Mi 
equals the ith column of M, and the ith column of Mi equals the ith row of 
M. By considering score vectors it is easy to show that any principal submatrix 
of H of order n - 2 is irreducible. It now follows that Mi is also irreducible. 
Further, Mf - Mi = D(MT - M)D, where D is the diagonal matrix with a 
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-1 in its ith diagonal entry and l’s in each of its remaining diagonal entries. 
Thus we have 
CJn - 2Mi)(Jn - 2MT) = (M,T - Mi + Zn)(Mi - MT + Z”) 
= D(MT-M+Z,)DD(M-MT+Z,)D 
=nD2 
= nZ,. 
Hence Mi is an irreducible tournament matrix and such that J - 2Mi is a 
skew-Hadamard matrix. Evidently, any further “switches” performed on Mi 
would also maintain the desired skew-Hadamard property, although they may 
not maintain irreducibility. 
For example, let 
0110100 
0011010 
0001101 
H= 1000110, 
0100011 
1010001 
1101000 
and note that H is a Hadamard tournament matrix of order 7. Then 
M= 
and 
MS= 
oooooooo- 
10110100 
10011010 
10001101 
11000110 
10100011 
11010001 
11101000 
01000000 
00001011 
11011010 
11001101 
10000110 
11100011 
10010001 
10101000 
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Now Mz is irreducible, as is the matrix 
01100000 
00101011 
00000101 
11101101 
10100110 
11000011 
10110001 
10001000 
obtained from M2 by switching its third row and column. Thus both ]s - 222 
and Js - 2M2 are skew-Hadamard matrices, but since their score vectors are 
different, $2 and M2 are not p~rmutationally equivalent. However, a straight- 
forward exercise reveals_that M2 is permutationally zquivalent to Ml. Thus, 
while the tourname%ts T2 and T2 corresponding to MB and M2, respectively, 
are not isomorphic, T2 is isomorphic to the complement of T2 in the complete 
graph K8. 
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